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Introduction
Let φ be an analytic self-map of the unit disk D. The composition operator with symbol φ is defined by (2) where || • || denotes the norm in H. In particular for each z, w ∈ D we have Cima, Thomson and Wogen in [9] were the first to study closed range composition operators in H2. Their results were in terms of the boundary behavior of φ. Next, Zorboska in [27] studied closed range composition operators in H2 and in the weighted Hilbert Bergman space in terms of properties of φ inside D. Since then several authors studied this problem in different Banach spaces of analytic functions, see for example [14, [2] [3] [4] 18, 25] .
In this paper we continue the study of closed range composition operators on the Bergman space A2, the Hardy space H2 and the Dirichlet space D. We will define and discuss properties of these spaces as well as other preliminary work in Section 2. In Section 3 we develop general machinery that can be useful in studying closed range composition operators in any Hilbert function space Ή with reproducing kernel Kz. Given ε > 0, let and Gε = Gε(H) = φ(Λε). In Section 3 we give a necessary condition for Gε to intersect each pseudohyperbolic disk in D, see Proposition 3.2. It is useful in our results in Section 4 and in Section 6. In Section 4 we build on known results about closed range composition operators on A2 provided in [2] and 25]. It Akeroyd and Ghatage in [2] showed that Cφ is closed range in H = A2 if and only if for some ε > 0 the set Gε above satisfies the reverse Carleson condition. This means that Gε intersects every pseudohyperbolic disk, of some fixed radius r ∈ (0,1), in a set that has area comparable to the area of each pseudohyperbolic disk. In Theorem 4.4 we show that in fact this is equivalent to Gε merely having non-empty intersection with each pseudohyperbolic disk. Moreover Throughout this paper C denotes a positive and finite constant which may change from one occurrence to the next but will not depend on the functions involved. Given two quantities A = A(z) and B = B(z), z ∈ D, we say that A is equivalent to B and write A ≍ B if, C A < B ≤ C A.
Preliminaries
For each p ∈ D let αp denote the Mobius transformation exchanging 0 and p, (6) and Aut(D) denote the set of all Mobius transformations of D. The pseudo-hyperbolic distance p between two points w, z in D defined by (7) is Mobius invariant, that is for all z, w ∈ D and γ ∈ Aut(D), and satisfies a strong form of the triangle inequality; given z, w, ζ ∈ D, (8) Moreover it has the following important property: (9) The pseudo-hyperbolic disk D(z,r) centered at z with radius r ∈ (0,1) is (10) As mentioned in [12, (8) that if z ∈ D(ζ,r) and w ∈ D(ζ, s) then (11) Let A denote area measure on D normalized by the condition A(D) = 1. By [26, Proposition 4.5] if r ∈ (0,1) is fixed and z ∈ D(z0,r) then (12) and (13) The Bergman space A2 is the Hilbert space of analytic functions f on D that are square-integrable with respect to the area measure A that is, (14) By [26, Theorem 4.28] an equivalent norm on A2 is given by (15) As was mentioned in the Introduction, the Hardy space H2 is the Hilbert space of analytic functions on D with square summable power series coefficients. Moreover if f = ∑anzn ∈ H2 then ||f||2H2 = ∑ |an|2 and by the Littlewood-Paley identity an equivalent norm in H2 is given by (16) The (17) similarly the reproducing kernel in the Hardy space H2 is (18) the reproducing kernel of D0 = {f ∈ D : f(0) = 0} is (19) and the reproducing kernel of D is (20) 
On Hilbert function spaces
Let H be a Hilbert function space with reproducing kernels Kw, w ∈ D. For ε > 0, let (21) and (22) By (17) if H = A2, (23) and by (18) if H = H2 then Λε (H2) = Λε2 (A2). The sets Gε(A2) were used in [2, 3] and in [25] to study closed range composition operators on the Bergman space. Moreover by (19) For r ∈ (0,1) and w ∈ D we define (25) Then for ε > 0, the set Gε, defined in (22) , is hyperbolically dense if and only if there exists r ∈ (0,1) such that for each w ∈ D, ∆w(r) ∩ Λε ≠ ∅.
Definition 3.2.
We say that the reproducing kernels satisfy the nearness property if for each r ∈ (0,1) there exist δ > 0 and cr > 0 such that for each w, ζ∈D with |w| ≥ cr, |ζ| ≥ cr and ρ(ζ,w) ≤ r, we have that |<Kζ,Kw > | ≥ δ ||Kw||.||Kζ|| and (26) Next we show that nearness property is quite common. Proof. By (9), given r ∈ (0,1), p(z,•w) ≤ r if and only if (27) Therefore by (17) and (18) it is immediate that the reproducing kernels of A2 and H2 satisfy the nearness property.
Next, by taking logarithms of both sides of (27) and using the inequality of arithmetic and geometric means we see that, given r ∈ (0,1), if p(z, w) < r then and letting Kz denote the reproducing kernel in D0 we obtain (28) By (19) , if |w| > √(e-l)∕e then ||Kw|| > 1 and by (28) we may find δ > 0 and cr > 0 such that if |z| > cr and |w| > cr then (29) and the reproducing kernels for D0 and hence of D satisfy the nearness property as well. □
The proof above can be easily modified to show that the reproducing kernel functions in all weighted Bergman spaces satisfy the nearness property.
In the remainder of this section we will assume that H contains all constant functions, therefore by (1), for all z ∈ D we have ||Kz|| > 0. Moreover we will assume that Ή satisfies the following property.
( (5) and (21) , ||Kzw|| ≍ ||Kφ(z,w)|. Therefore by (31), the nearness property of the reproducing kernels of H and since Cφ is a bounded operator, there exists cr > 0 such that if |w| > cr then Moreover by (31) and (32), if |w| ≥ cr (33) and (30) (12) and ( 
We say that a set G C D satisfies the reverse Carleson condition if the Carleson measure xg(z) dA(z) satisfies the reverse Carleson condition; Luecking in [15] showed that this is equivalent to (45) for all f ∈ A2. Moreover he showed that Carleson type squares can be used in place of the pseudohyperbolic disks. But proofs are easier using pseudohyperbolic disks.
Let μ be a finite positive measure. (12) and (13), there exists r ∈ (0,1), for each w∈D we obtain, (47) and therefore μ is bounded above and below on D.
Next assume that μ is bounded above and below on D. By Proposition 4.1
We conclude, by (12) and (13) , that there exists δ > 0 such that if r > 1 -δ and w ∈ D,
and the conclusion follows. □
The pull-back measure of normalized area measure in D under the map φ is defined on Borei subsets of D by (50)
The Berezin symbol of μφ is, (51) Therefore since Cp is a bounded operator on A2 (see for example [24 
Proof. By (9) and for any w ∈ D, the absolute value of the normalized reproducing kernel in A2 is (55) and by (12) , if z ∈ D(w,r) then
Therefore by (12) and (25) 
In the theorem below we provide another equivalent condition for μφ to satisfy the reverse Carleson condition that is essential in the proof of our main result of this section. We single it out so that later we can make clear the analogy between μφ and the pull-back measure of Lebesgue measure on the unit circle T used in [9] . (12) and (4), for each n ∈ N, and (63) Therefore (62) and (63) together contradict (60) and we conclude that (61) is valid. Then by (12) [2] , to prove that Cφ is closed range on A2 we may assume that φ(0) = 0 and show that Cφ is closed range on the invariant subspace of A2 of functions vanishing at the ori gin. This will be useful in the proof of (d) ⇒ (f) below, where we use the equivalent norm of A2 given in (15) . (g) Cφ is closed range on A2.
Proof. We will show that (a)
We start by showing (a) ⇒ (b). By assumption we may choose 0 < r < 1 such that
Fix w ∈ D, recall (25) and let By (67) and sinceNφ(ζ)/1-|ζ|2dA(ζ) is a Carleson measure it is easy to see that It follows that there exists an ε > 0 such that if w ∈ D then δw(r) ≥ ε. We conclude that there exists 0 < r < 1 such that for all w ∈ D, there exists zw ∈ ∆w(r) ∩ Λε or equivalently that Gε is hyperbolically dense and (b) holds. Next we show that (b) ⇒ (c). This is an immediate consequence of Proposition 3.2 and Theorem 4.2. But we will provide below another proof that may be of independent interest. By our assumption we may choose ε > 0 such that Gε is hyperbolically dense. It follows that there exists 0 < r < 1 with the property that given w ∈ D there exists zw ∈ ∆w(r) satisfying (68) We claim that
(69)
Indeed if p(z,zw) < 1/2 then by the Invariant Schwarz Lemma, see [24, page 60], φ(z) ∈ D(φ(zw), 1/2). Moreover since zw ∈ ∆w(r), we have that w ∈ D(φ(zw),r). Therefore by (11) we obtain and (69) holds. Thus by (12) and (68), for every w ∈ D and since zw ∈ ∆w(r') we obtain (70) We Therefore there exists r ∈ (0,1) such that for all w ∈ D (72) where (15) and (51) Therefore, by (72) and ( Therefore by making once again a non-univalent change of variables as in [24, 10.3] and by [23, 6.3] we conclude that if w ∈ D then (75) and by (12) , (13) By Theorem 1 in [2] , (f) and (g) are equivalent. Lastly by Theorem 5.4 in [25] and Fε = φ(Λε). By [13] and [8] Let f ∈ H2. Then by (16) and by making a non-univalent change of variables as done in [24, It is clear that each of (A), (B), (C) imply (CR) and that (CR) implies (E). We conjecture the following.
Conjecture. Cφ is closed range in D if and only if there exists ε > 0 such that the measure XGe(ζ)ηφ(ζ) dA(ζ) satisfies the reverse Carleson condition, equivalently
that is (CR) ⇔ (c).
